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Leading Order QED Eletrial Condutivity from the 3PI Ee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In this artile we study the eletrial ondutivity in QED using the resummed 3PI eetive
ation. We work to 3-loop order in the eetive ation. We show that the resulting expression
for the ondutivity is expliitly gauge invariant, and that the integral equations that resum the
pinhing and olinear ontributions are produed naturally by the formalism. All leading order
terms are inluded, without the need for any kind of power ounting arguments.
PACS numbers: 11.15.-q, 11.10.Wx, 05.70.Ln, 52.25.Fi
I. INTRODUCTION
It is well known that seletive resummations an play an important role in quantum eld theory. A prominant
example is the hard thermal loop theory, whih inludes sreening eets that regulate infra-red divergenes. The
onvergene of suh perturbation theories an typially be improved using an n-partile irreduible (nPI) eetive
ation. In addition, nPI approximation shemes are of partiular interest beause they an be used to study far from
equilibrium systems.
The nPI eetive ation is onsistent with the global symmetries of the theory, however, the ward identities may
not be satised during intermediate steps of the alulation [1, 2℄. To address this problem we look at the resummed
nPI eetive ation, whih is dened with respet to the self onsistent solutions of the n-point funtions. This
type of strategy was originally proposed by Baym and Kadano [3℄ and has been disussed in the ontext of salar
theories in Ref. [4℄. The renormalization of resummed theories has been disussed in Ref. [5℄. The resummed
eetive ation respets all symmetry properties of the theory, and the n-point funtions whih are obtained by
funtional dierentiation satisfy the ward identities. In this paper we study the resummed qed 3PI eetive ation.
We demonstrate how the alulation of transport oeients is organized in the framework of this formalism.
`Pinh singularities' play an important role in the alulation of transport oeients. The basi idea is that there
is an innite number of terms that all ontribute at the same order beause of the low frequeny limit in the kubo
formula (Eqn. (1)). This limit produes pairs of retarded and advaned propagators whih arry the same momenta.
When integrating a term of the form
∫
dp0 G
ret(P )Gadv(P ), the integration ontour is `pinhed' between poles on
eah side of the real axis, and the integral ontains a divergene alled a `pinh singularity.' These divergenes are
regulated by using resummed propagators whih aount for the nite width of thermal exitations. This proedure
introdues extra fators of the oupling in the denominators whih hange the power ounting. As a onsequene,
there is an innite set of graphs whih ontain produts of pinhing pairs that all need to be resummed. This set of
graphs is resummed by solving an integral equation whose kernel is the square of the matrix elements that orrespond
to the 2 → 2 sattering and prodution proesses.
For the qed eletrial ondutivity, it has already been demonstrated that this integral equation an be obtained
from the 2PI formalism. In Ref. [11℄ it was shown that the 2-loop ontribution to the 2PI eetive ation produes
the square of the s-hannel, whih gives the omplete result at the leading-log order of auray. In a previous paper
[12℄, we have shown that the 3-loop terms in the 2PI eetive ation ontribute the missing t- and u- hannels so that
the full matrix element orresponding to all binary sattering and prodution proesses is obtained.
However, the result obtained in Ref. [12℄ is not omplete at leading order. In gauge theories, in addition to pinh
singularities, the presene of ollinear singularities makes the 1→ 2 satterings as important as the 2→ 2 satterings.
These ollinear terms must also be resummed by solving an integral equation. The omplete leading order result is
then obtained by solving these two oupled integral equations. In this paper we derive both of these integral equations
∗
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2diretly from the 3-loop resummed 3PI eetive ation. Thus we show that the full leading order ontribution to the
qed eletrial ondutivity an be obtained diretly from the 3PI formalism.
Our result agrees with that obtained previously in [13℄. This alulation is not obtained diretly from quantum
eld theory but is derived from kineti theory. In addition, the ondutivity has reently been alulated using
a diagramati method based on power ounting arguments in whih the ward identity is used expliitly to selet
ontributions that will produe a gauge invariant result [14℄. Using our method, gauge invariene is automatially
satised, and all leading order terms appear without the need for any kind of power ounting arguments. The method
we develop in this paper should be generalizable to the alulation of other transport oeients, like the shear
visosity.
Our alulation provides a eld theoreti onnetion to the kineti theory results of [13℄, whih is useful in itself. In
addition, it seems likely that quantum eld theory provides a better framework than kineti theory for alulations
beyond leading order. Our results provide strong support for the use of nPI eetive theories as a method to study
the equilibration of quantum elds.
This paper is organized as follows. In setion II we dene some notation. In setion III we review the 3PI formalism.
In setion IV we disuss the resummed 3PI formalism. In IVA we give the equations of motion, in IVB we derive
the orresponding bethe-salpater equations, and in IVC we obtain an expression for the external photon propagator
that satises the usual ward identity. In setion V we use these results to obtain an expression for the ondutivity
that is omplete to leading order. In setion VI we present our onlusions and disuss future diretions.
II. NOTATION
The eletrial ondutivity an be obtained from the kubo formula:
σ =
1
6
(
∂
∂q0
2 Im ρii(q0, 0)
) ∣∣∣
q0→0
(1)
ρii(x, y) = 〈ji(x)ji(y)〉 ; ji(x) = ψ¯(x)γiψ(x)
We an write the ondutivity in terms of the polarization tensor using:
ρii(q0, 0) = −
1
e2
Πiiret(q0, 0) (2)
In the rest of this paper, the oupling onstant e will be absorbed into the denition of the vertex funtions, and not
written expliitly.
In order to simplify the notation we will use a single numerial subsript to represent all ontinuous and disrete
indies. For example: a photon eld is written A1 := A
a
µ(x); the fermion propagator is written S12 := S
ab
αβ(x1, x2), et.
We also use an einstein onvention in whih a repeated index implies a sum over disrete variables and an integration
over spae-time variables. We dene 2-point green funtions and n-point vertex funtions as shown in Fig. 1.
= i G = − i Γ (n)(2)
FIG. 1: Denitions of notation for propagators and verties.
III. THE 3PI FORMALISM
The 3PI eetive ation to 3-loop order an be written [15℄:
Γ[ψ, ψ¯, A, S,D, V, U ] (3)
= Scl[ψ, ψ¯, A] +
i
2
Tr LnD−112 +
i
2
Tr
[
(D012)
−1
(
D21 −D
0
21
)]
− iTrLnS−112 − iTr
[
(S012)
−1(S21 − S
0
21)
]
+ Γ02[S,D, V, U ] + +Γ
int
2 [S,D, V, U ]
where S is the fermion propagator, D is the photon propagator, V is the fermion-photon vertex, U is the 3-photon
vertex (whih is zero at the tree level), Scl[ψ, ψ¯, A] is the lassial ation, and S0 and D0 are the free propagators
3given by:
(S012)
−1 =
δ2Scl
δψ2δψ¯1
; (D012)
−1 =
δ2Scl
δA2δA1
. (4)
The funtions Γ02[S,D, V, U ] and Γ
int
2 [S,D, V, U ] are shown graphially in Fig. 2.
Γ int2 = +i/4
Γ 02 = i
+i/3 −i/24−i/2 +i/12
FIG. 2: 3PI eetive ation to 3-loop order.
The rst diagram in Fig. 2 ontains a bare fermion-photon vertex whih is dened as
V 0132 = i
δ3Scl
δψ2δA3δψ¯1
(5)
The equations of motion of the mean elds, propagators and verties are obtained from the stationarity of the
ation:
δΓ[ψ, ψ¯, A, S,D, V, U ]
δA
= 0 ;
δΓ[ψ, ψ¯, A, S,D, V, U ]
δψ
= 0 ;
δΓ[ψ, ψ¯, A, S,D, V, U ]
δψ¯
= 0 (6)
δΓ[ψ, ψ¯, A, S,D, V, U ]
δS
= 0 ;
δΓ[ψ, ψ¯, A, S,D, V, U ]
δD
= 0
δΓ[ψ, ψ¯, A, S,D, V, U ]
δV
= 0 ;
δΓ[ψ, ψ¯, A, S,D, V, U ]
δU
= 0
IV. THE 3PI RESUMMED EFFECTIVE ACTION
The last four equations in (6) an be solved simultaneously for the self-onsistent solutions: S˜[ψ, ψ¯, A], D˜[ψ, ψ¯, A],
V˜ [ψ, ψ¯, A] and U˜ [ψ, ψ¯, A] whih satisfy:
δΓ[ψ, ψ¯, A, S,D, V, U ]
δS
∣∣∣∣
S˜, D˜, V˜ , U˜
=
δΓ[ψ, ψ¯, A, S,D, V, U ]
δD
∣∣∣∣
S˜, D˜, V˜ , U˜
(7)
=
δΓ[ψ, ψ¯, A, S,D, V, U ]
δV
∣∣∣∣
S˜, D˜, V˜ , U˜
=
δΓ[ψ, ψ¯, A, S,D, V, U ]
δU
∣∣∣∣
S˜, D˜, V˜ , U˜
= 0
Substituting the self onsistent solutions we obtain the resummed ation:
Γ˜[ψ, ψ¯, A] = Γ[ψ, ψ¯, A, S˜[ψ, ψ¯, A], D˜[ψ, ψ¯, A], V˜ [ψ, ψ¯, A], U˜ [ψ, ψ¯, A]] (8)
The equivalene of (3) and (8) at the exat level was shown in [16℄.
A. Constraint Equations
Now we look at the equations of motion (7). The rst two equations have the form of dyson equations:
S˜−112 = (S
0
12)
−1 − Σ12 ; Σ12 = −i
δΓ2[S,D, V, U ]
δS21
∣∣∣
S˜, D˜, V˜ , U˜
(9)
D˜−112 = (D
0
12)
−1 −Π12 ; Π12 = 2i
δΓ2[S,D, V, U ]
δD21
∣∣∣
S˜, D˜, V˜ , ˜
4where we have dened Γ2 = Γ
0
2 + Γ
int
2 . We substitute (3) into (9) and take the derivatives. The results are given in
Eqn. (9). For the fermion-photon vertex the order of indies is always (outgoing fermion, photon, inoming fermion).
In eah term, the fators that arry fermion indies are written in square brakets, and the order of the indies reets
the ow of fermion number. The order of the indies in the photon propagator and the 3-photon vertex does not
matter, beause of the symmetry of these n-point funtions. The results are:
S˜−112 = (S
0
12)
−1 − 2i[V˜13′4′ S˜4′4V
0
432] · D˜33′ + i[V˜13′4′ S˜4′4V˜432] · D˜33′ (10)
+ [V˜15′6′ S˜6′6V˜63′7′ S˜7′7V˜754′ S˜4′4V˜432] · D˜55′D˜33′ + [V˜14′7′ S˜7′7V˜75′6′ S˜6′6V˜632] · U˜3′45D˜33′D˜44′D˜55′
D˜−112 = (D
0
12)
−1 + 2i[V˜413′ S˜3′3V
0
324′ S˜4′4]− i[V˜413′ S˜3′3V˜324′ S˜4′4] +
i
2
U˜13′4U˜234′D˜3′3D˜4′4
− [V˜514′ S˜4′4V˜47′3′ S˜3′3V˜326′ S˜6′6V˜675′ S˜5′5] · D˜77′ − 2[V˜514′ S˜4′4V˜43′7′ S˜7′7V˜765′ S˜5′5] · U˜236′D˜33′D˜66′
+
1
2
U˜14′5U˜3′47′U˜5′67U˜236′D˜3′3D˜4′4D˜5′5D˜6′6D˜7′7
These equations are shown in Fig. 3.
_
2
1+
_
2
1
−
=
=
Σ12−i
Π12−i
2
+
−2
−2−1
−
+
+
FIG. 3: Self energy and polarization tensor.
Using (3) the seond two equations in (7) an be written:
V˜132 = V
0
132 + iV˜175′ S˜5′5V˜536S˜66′ V˜6′7′2D˜7′7 + iV˜75′1D˜5′5U˜536D˜66′ V˜26′7′ S˜7′7 (11)
U˜132 = −2iV˜715′ S˜5′5V˜536S˜66′ V˜6′27′ S˜7′7 + iU˜715′D˜5′5U˜536D˜66′U˜6′27′D˜7′7
These equations an be represented graphially as shown in Fig. 4.
5=
+= +
−2 +
FIG. 4: Self-onsistent equations for the verties.
B. Bethe-Salpeter Equations
Taking derivatives of the dyson equations we obtain a set of bethe-salpeter type integral equations. In order to
write these equations in a simple way, we dene the following vertex funtions:
Λ0132 = −
δ(S012)
−1
δA3
; Λ132 = −
δS˜−112
δA3
; Ω132 = −
1
2
δD˜−112
δA3
(12)
These funtions are always written with the external photon on the middle leg, and this external photon is distinguished
by an arrow in gures. To larify the notation, all of the types of verties that we use in this paper are shown in Fig.
5.
= − iΛ
 = − i V = − i U = − i Ω
FIG. 5: The verties.
Some additional useful relations an be obtained from the identities:
S˜−113 S˜32 = δ12 ; D˜
−1
13 D˜32 = δ12 (13)
Dierentiating (13) with respet to A and using (12) gives:
δS˜12
δA3
= S˜11′Λ1′32′ S˜2′2 ;
δD˜12
δA3
= 2D˜11′Ω1′32′D˜2′2 (14)
The bethe-salpeter equations are obtained by dierentiating (9) and using the denitions (12) to obtain:
Λ132 = Λ
0
132 +
δΣ12
δA3
; Ω132 =
1
2
δΠ12
δA3
(15)
where Σ12 and Π12 are obtained from Eqns (9) and (10) (and shown in Fig. 3). When taking derivatives, numerous
anellations our between ontributions from dierent piees of the self energy. To show how these anellations
our, we distinguish two dierent kinds of propagators: `rung propagators' do not onnet, at either end, to a vertex
that attahes to an external leg, and non-rung propagators do onnet to a vertex that attahes to an external leg.
For example, the third diagram in Fig. 3 gives a ontribution to Σ that has one fermion rung propagator, two fermion
non-rung propagators and two photon non-rung propagators. After dierentiating and olleting terms, the result is
that all 2-loop terms ontaining derivatives of non-rung propagators anel. We illustrate this point by looking at
ontributions to δΣ12/δA3 ontaining derivatives of non-rung photon propagators. We give the results in terms of
diagrams only. Dierentiating the rst two ontributions to Σ in Fig. 3 and using (14) gives the terms shown in Fig.
6.
64 −2
FIG. 6: Result from dierentiating non-rung photon propagators in the rst two ontributions to −iΣ in Fig. 3.
We rewrite this result by substituting in for V0 using Eqn. (11) (shown in Fig. 4) and obtain the terms shown in Fig.
7.
−4−42
FIG. 7: Result after substituting in for V0.
Dierentiating the third and fourth ontributions to −iΣ in Fig. 3 we obtain the terms shown in Fig. 8.
4 +4
FIG. 8: Result from dierentiating non-rung photon propagators in the seond two ontributions to −iΣ in Fig. 3.
Combining the results shown in Figs. 7 and 8 we see that all 2-loop terms ontaining derivatives of non-rung photon
propagators anel. The same eet ours for derivatives of non-rung fermion propagators. In Fig. 9 we give the
result for the rst equation in (15) to 2-loop order and in Fig. 10 we give the result for the seond equation in (15) to
1-loop order. In setion V we will show that higher loop terms do not ontribute to the ondutivity at leading order.
+ +2 +  . . . = + +2
FIG. 9: Bethe-salpeter equantion for the Λ vertex to 2-loop order.
= − −
FIG. 10: Bethe-salpeter equantion for the Ω vertex to 1-loop order.
7C. External Propagator
The external photon propagator is dened as
(Dext12 )
−1 =
δ2
δA2δA1
Γ˜[ψ, ψ¯, A] (16)
In this setion we show that the propagator dened in (16) satises the usual ward identities. The basi mehanism
is simple: the dyson equations (9) ontain s-hannel ladder resummations and the bethe-salpeter equations (15)
introdue t- and u-hannels, and thus restore the rossing symmetry.
We start by taking the derivative of the modied eetive ation using the hain rule. In the rest of this setion
we suppress the arguments and write Γ[ψ, ψ¯, A, S,D, V, U ] as Γ. We use the notation Xi to indiate one of the set
X := {S,D, V, U} and X˜i to indiate one of the set X˜ := {S˜, D˜, V˜ , U˜}. The sum
1
2
∑
i6=j gives the 6 terms in the set
of pairs Xi 6= Xj where order is not respeted. We write the result:
(Dext12 )
−1 =
δ2Γ
δA2δA1
∣∣∣
X˜
+
∑
i
δ2Γ
δX2i
∣∣∣
X˜
δX˜i
δA2
δX˜i
δA1
(17)
+
[∑
i
δ2Γ
δXiδA1
∣∣∣
X˜
δX˜i
δA2
+
1
2
∑
i6=j
δ2Γ
δXiδXj
∣∣∣
X˜
δX˜i
δA1
δX˜j
δA2
+ {1↔ 2}
]
This expression an be further simplied by using the set of equations obtained by dierentiating the equations of
motion:
δ
δA
[ δΓ
δXi
∣∣∣
X˜
]
= 0 ⇒
δ2Γ
δXiδA
∣∣∣
X˜
+
∑
j
δ2Γ
δXjδXi
∣∣∣
X˜
δX˜j
δA
= 0 (18)
We solve these four equations for the four derivatives: δ2Γ/δX2i |X˜ and substitute into (17) to obtain:
(Dext12 )
−1 =
δ2Γ
δA2δA1
∣∣∣
X˜
+
1
2
[∑
i
δ2Γ
δXiδA1
∣∣∣
X˜
δX˜i
δA2
+ {1↔ 2}
]
(19)
Expanding the sum and using (14) we have:
(Dext12 )
−1 =
δ2Γ
δA2δA1
+
1
2
[ δ2Γ
δS34δA1
∣∣∣
X˜
· (S˜33′Λ3′24′ S˜4′4) + 2
δ2Γ
δD34δA1
∣∣∣
X˜
· (D˜33′Ω3′24′D˜4′4) (20)
+
δ2Γ
δU345δA1
∣∣∣
X˜
δU˜345
δA2
+
δ2Γ
δV345δA1
∣∣∣
X˜
δV˜345
δA2
+ {1↔ 2}
]
Using (3) we obtain:
δ2Γ
δA2δA1
= (D012)
−1
(21)
δ2Γ
δS34δA1
= −i
δ(S034)
−1
δA1
= iΛ0314
δ2Γ
δD34δA1
=
δ2Γ
δV345δA1
=
δ2Γ
δU345δA1
= 0
whih gives the nal result:
(Dext12 )
−1 = (D012)
−1 + iΛ0314 · [S˜44′Λ4′23′ S˜3′3] (22)
This expression has the form of the usual shwinger-dyson equation. Following the method of [12℄ it is straightforward
to show that the external photon propagator in (22) satises the ward identity.
From Eqns. (9) and (22) we extrat the vertex part of the 2-point funtion:
Πext12 = −i(Λ
0
314S˜44′Λ4′23′ S˜3′3) (23)
8This result is illustrated in Fig. 11.
Π1 2 = i−
ext
FIG. 11: Graphial representation of Eqn (23).
V. LEADING ORDER CONDUCTIVITY
The ondutivity is obtained from the polarization tensor through Eqns. (1) and (2). The polarization tensor
depends on the propagator S˜ and the vertex Λ through Eqn. (23). The two equations in (10), the two equations in
(11), and the equations represented in Figs. 9 and 10, form a set of six oupled integral equations for the six quantities
{S˜, D˜, V˜ , U˜ , Λ, Ω}. In this setion we show that these equations ontain all of the leading order ontributions to
the ondutivity.
The pinh singularities are resummed by an integral equation of the form:
Λ132 = Λ
0
132 +
∑
j∈{a,b,c,d,e,f,g}
iM
(j)
12;45 · [S˜55′ Λ5′34′ S˜4′4] (24)
This equation is shown shematially in Fig. 12.
+= + . . . 
1
2
1
2 2
1
3 3 3
FIG. 12: Graphial representation of Eqn (24).
The funtions M
(j)
12;45 represent 4-point funtions where the variables on eah side of the semiolon indiate legs that
join pinhing pairs of propagators. We show below that the seven terms inluded in the sum over j ∈ {a, b, c, d, e, f, g}
orrespond to the seven diagrams in Fig. 15. We start from the equation for Λ shown in Fig. 9 and substitute
iteratively the equations for D˜, S˜, U˜ , V˜ and Ω, olleting all 2-loop ontributions. We desribe this proess step by
step.
Substituting the equation for Ω (Fig. 10) into the equation for Λ (Fig. 9) and keeping terms up to 2-loop order,
we obtain the result shown in Fig. 13. In Fig 14 we redraw the gure in a more onventional form.
= + −2 +
FIG. 13: Equation for Ω substituted into the equation for Λ.
+−2+=
FIG. 14: Fig. 13 redrawn.
9The third and fourth diagrams on the right hand side of (14) are already 2-loop order. The fourth diagram is shown
in part () of Fig. 15. We rewrite the third diagram as the sum of the two terms shown in parts (f) and (g) of Fig.
15. Note that in Fig. 15 we inlude some arrows to indiate the diretion of the ow of fermion number, in addition
to the arrow on the external photon line assoiated with the Λ vertex. It is important to onsider terms (f) and (g)
separately, in order to show that the orret matrix element is produed by the pinhing part of the kernel of the
integral equation. The proedure is desribed in detail in Ref. [12℄.
The seond diagram on the right hand side of Eqn. (14) is of 1-loop order. Substituting the equation for D˜ produes
the graph in part (a) of Fig. 15. Substituting the equation for V˜ produes the graphs in parts (d) and (e) of Fig. 15.
Iterating the 1-loop term with itself produes the 2-loop diagram shown in part (b) of Fig. 15.
cb
e gf
da
+ + +
−
−+
FIG. 15: 2-loop ontributions to Λ.
Equation (24) (as shown in Fig. 15) is the same as the equation found in Ref. [12℄ using the 2PI formalism (see
Fig. 8 of Ref. [12℄), exept that the verties are now determined self-onsistently through the integral equation (11).
The pair of equations (24) (Fig. 15) and (11) (Fig. 4) are preisely the two equations shown in Fig. 11 of Ref. [14℄,
and obtained previously, using kineti theory, in Ref. [13℄.
VI. CONCLUSIONS
We have shown that the 3-loop resummed 3PI eetive ation ontains all of the leading order ontributions to
the ondutivity. The two integral equations that resum pinh and olinear terms are produed naturally by the
formalism, independently of any power ounting analysis. The result is expliitly gauge invariant. The method we
develop in this paper should be generalizable to the alulation of other transport oeients, like the shear visosity.
Our alulation provides a onnetion between nPI eetive theories and kineti theories, and supports the use of
nPI eetive theories as a method to study the equilibration of quantum elds.
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il of Canada.
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